Spectropolarimetric observations have been used to map stellar magnetic fields, many of which display strong bands of azimuthal fields that are toroidal. A number of explanations have been proposed to explain how such fields might be generated though none are definitive. In this paper, we examine the toroidal fields of a sample of 55 stars with magnetic maps, with masses in the range 0.1-1.5 M . We find that the energy contained in toroidal fields has a power law dependence on the energy contained in poloidal fields. However the power index is not constant across our sample, with stars less and more massive than 0.5 M having power indices of 0.72±0.08 and 1.25±0.06 respectively. There is some evidence that these two power laws correspond to stars in the saturated and unsaturated regimes of the rotationactivity relation. Additionally, our sample shows that strong toroidal fields must be generated axisymmetrically. The latitudes at which these bands appear depend on the stellar rotation period with fast rotators displaying higher latitude bands than slow rotators. The results in this paper present new constraints for future dynamo studies.
INTRODUCTION
Stellar magnetic fields are ubiquitous across the main sequence, playing a crucial role in the evolution of stars. Zeeman-Doppler imaging (ZDI), a tomographic imaging technique, has been used to map the large-scale surface fields of a wide variety of stars such as rapid rotators (Donati & Collier Cameron 1997; Donati et al. 1999; Donati 1999; Donati et al. 2003) , M dwarfs (Donati et al. 2008a; Morin et al. 2008b Morin et al. , 2010 , solar-type stars E-mail: wcvs@st-andrews.ac.uk (e.g. Petit et al. 2008 ) and planet-hosting stars (e.g. Fares et al. 2013 ). This technique is capable of identifying the field geometry as well as the energy budget of the different field components (axisymmetric/non-axisymmetric, dipole/quadrupole/higher order multipoles, poloidal/toroidal). Additionally, repeated observations of individual stars allows the temporal evolution of the field to be assessed with magnetic field polarity reversals observed for a number of stars (e.g. Donati ). The wealth of data available has revealed how the mag-netic properties of stars vary with various stellar parameters such as Rossby number and age .
Despite the progress being made in the field of stellar magnetism, there are still a number of open questions. For instance, what mechanisms are responsible for dynamo action and where does the dynamo operate? In the Sun, it is thought that fields are mainly generated in a thin layer between the radiative core and the convective zone, known as the tachocline, where shearing is strongest (Charbonneau 2010) . However, the same process cannot be responsible for field generation in all stars. Below the fully convective limit (∼0.35 M ), stars do not possess a tachocline and hence different dynamo mechanisms must be at work. Additionally, strong toroidal azimuthal fields have been observed on a range of stars (e.g. Donati & Collier Cameron 1997; Donati 1999; Petit et al. 2009; Morgenthaler et al. 2012; Jeffers et al. 2014; Boro Saikia et al. 2015) . As highlighted by Jardine et al. (2013) , such azimuthal bands can only exist if the magnetic field has been stressed above its lowest energy state. Additionally, these authors determine that stellar winds cannot be the source of these stresses. Other authors have suggested that such azimuthal fields are evidence of dynamos distributed throughout the convection zone (Donati & Collier Cameron 1997; Donati, Collier Cameron & Petit 2003; Donati et al. 2003) rather than being confined to the tachocline as in the Sun. This view is supported by the work of Brown et al. (2010) who demonstrate that a tachocline is not required to generate strong bands of toroidal fields in rapidly rotating solar-like stars.
The toroidal component of stellar magnetic fields contains the free energy that, once liberated, is responsible for energetic events. Flares, coronal mass ejections and space weather in general have a large influence on the stellar environment, and can affect any planets orbiting the star (Zarka 2007; Grießmeier, Zarka & Spreeuw 2007; Llama et al. 2011; Vidotto et al. 2012 Vidotto et al. , 2013 Vidotto et al. , 2015 See et al. 2014 See et al. , 2015 Cohen et al. 2015) . Presently, the toroidal component of stellar magnetic fields has only been studied in single, or small samples, of stars. Petit et al. (2008) studied a sample of four solarlike stars and noted that the stellar rotation period plays an important role in determining the fraction of magnetic energy in the toroidal component of the stellar field. However, the rotation period cannot be the sole parameter that determines the toroidal energy fraction since stars with similar rotation periods show different toroidal energy fractions. Additionally, observations of individual stars, over multiple epochs, show that the toroidal energy fraction can change significantly on the time-scale of years (Donati & Collier Cameron 1997; Donati et al. 1999; Donati, Collier Cameron & Petit 2003; Petit et al. 2009; Fares et al. 2010; Morgenthaler et al. 2012; Fares et al. 2013; Jeffers et al. 2014; Boro Saikia et al. 2015) . This indicates that the dynamo is dynamic in nature and cannot be characterised by single time averaged parameters.
In this work, we conduct a statistical study of toroidal fields using a sample of 55 stars with ZDI maps. We discuss our sample of stars and the mathematical representation of their magnetic fields in section 2. In section 3 we cover the trends seen within our sample with concluding remarks given in section 4.
STELLAR SAMPLE
For this work, we employ 90 magnetic maps of 55 dwarf stars with spectral types spanning F, G, K and M. The original publications for each map are referenced in Table 1 . Additionally, parameters for each star are listed in Table 1 . Fig. 1 shows the rotation periods and masses of the stars in our sample. Stars with a single map are plotted with filled blue points while stars with multiple maps over many epochs are plotted with open red points. It is worth noting that, though we principally focus on mass and rotation rates in this work, there may be other parameters, such as stellar age and the presence of planets, that affect the magnetic properties of stars. Each map contains information about the large-scale magnetic field at the surface of the star. As outlined by Donati et al. (2006) , the radial, meridional and azimuthal components of the magnetic field of each star (B r ,B θ ,B φ respectively) are given by
where
In equations (1) -(7), P ,m (cos θ) are the associated Legendre polynomials and and m are the order and degree respectively. The large-scale magnetic field of a star can therefore be fully expressed by the α ,m , β ,m and γ ,m coefficients. These are determined by inverting a series of circularly polarised Stokes V profiles [for a more detailed discussion on this process, see Donati et al. (2006) ]. The α ,m coefficients characterise the radial component of the field, the β ,m coefficients characterise the meridional and azimuthal components of the poloidal field and the γ ,m coefficients characterise the meridional and azimuthal components of the toroidal field. The sample is split into stars less massive (pentagon markers) and more massive than 0.5 M (circle markers). See text for further discussion of how these sub-samples were chosen. The two dashed lines are best fit lines for these sub-samples; B 2 tor ∝ B 2 pol a with a = 0.72 ± 0.08 and a = 1.25 ± 0.06 for M < 0.5 M and M > 0.5 M respectively. AB Dor is shown with triangles. Each point is colour coded by stellar mass. Bottom: toroidal energy fraction against stellar mass. Format is the same as the top panel. Data-points are also colour coded by stellar mass to aid comparison with the top panel. While the two panels show very similar information, the difference in behaviours of the two mass ranges is much clearer in the bottom panel.
Throughout the rest of this paper, we will make use of the surface averaged quantity, B 2 , where the components of B are given by equation (1) -(3). This is proportional to the average magnetic energy density over the surface of a given star.
RESULTS

Magnetic energy budget and saturation
One of the principle ways to split the stellar magnetic energy is into its poloidal and toroidal components which is shown in Fig. 2 . The top panel shows toroidal magnetic energy density against poloidal magnetic energy density while the bottom panel shows the toroidal energy fraction against stellar mass. Both panels are colour coded by stellar mass aiding comparison between them.
The top panel shows that the toroidal energy is an increasing function of poloidal energy. We can attempt to fit a power law of the form B sub-samples. The stars with higher magnetic energy densities appear to have a smaller power index, a, than the lower energy stars. A priori, it is not clear which stars should be included in which sub-sample. In the bottom panel, a change of behaviour is evident at approximately 0.5 M . Stars with a larger mass than this can have large toroidal energy fractions but lower mass stars cannot. Though the two panels show essentially the same information, this break in behaviour at 0.5 M is much clearer in the bottom panel. A number of authors have previously discussed a sudden change in the magnetic properties of M dwarfs at roughly 0.5 M (Donati et al. 2008a; Morin et al. 2008b Morin et al. , 2010 Gregory et al. 2012) . They note that this break is roughly coincident with the fully convective limit suggesting a link with the change in internal structure. Dividing our sample on this basis, we find power index values of a = 0.72 ± 0.08 and a = 1.25 ± 0.06 for stars less and more massive than 0.5 M respectively. These power laws are plotted in the top panel with dashed lines. It is worth noting that, among the M < 0.5 M stars, it is the dipole dominate stars that deviate the most from the higher index power law. The non-dipolar stars in the bistable regime, as discussed by Morin et al. (2010) , are roughly compatible with the other power law. Additionally, theoretical models predict that these non-dipolar stars can vary cyclically and are able to generate significant toroidal fields (e.g. Gastine et al. 2013 ). Table 1 . Parameters of our sample: star ID, alternative name, stellar mass, rotation period, Rossby number, B 2 (which is proportional to the magnetic energy density), toroidal magnetic energy (as a percentage of total energy), axisymmetric magnetic energy (as a percentage of total energy), poloidal axisymmetric magnetic energy (as a percentage of poloidal energy), toroidal axisymmetric magnetic energy (as a percentage of toroidal energy) and the observation epoch. Similarly to Vidotto et al. (2014) , we have grouped the stars into solar-like stars, young Suns, hot Jupiter hosts and M dwarfs. References indicate the paper where the magnetic map was originally published. For the remaining parameters, references can be found in Vidotto et al. (2014) As a brief aside, we discuss the possibility that the smaller toroidal energy fraction of stars less massive than 0.5 M is a result of the ZDI technique. ZDI captures the large-scale fields but is insensitive to small-scale fields due to flux cancellation effects. Reiners & Basri (2009) show that the majority of magnetic flux may be missed when the stellar field is reconstructed using only the Stokes V signal when compared to the Stokes I signal. If the lowest mass M dwarfs have a large fraction of their magnetic energy stored in small scale fields, in the form of star spots for example, these fields may not be reconstructed by the ZDI technique. However, there is no reason to expect ZDI to preferentially miss toroidal field over poloidal field.
It is a well known observational result that the ratio of X-ray to bolometric luminosity, R X = L X /L bol , increases with decreasing Rossby number, R o , and saturates for stars with Rossby numbers less than approximately 0.1 (Pizzolato et al. 2003 ; Wright et al. Morin et al. (2008b) 2011). Here, the Rossby number is defined as the ratio of the stellar rotation period to the convective turnover time. Vidotto et al. (2014) showed that stellar magnetism has the same qualitative dependence on Rossby number. However, this result was derived using the radial component of the surface fields only, and hence does not consider the toroidal field. In Fig. 3 It is clear to see that both components qualitatively follow the well known behaviour with some quantitative differences. In both cases, the cutoff between the saturated and unsaturated regimes occurs at R o ∼ 0.1. However, in the saturated regime, the average magnetic energy of the poloidal fields is higher than that of the toroidal fields by just over an order of magnitude. Additionally, in the unsaturated regime, the slope is steeper for the toroidal component. The similar behaviour indicates that the same mechanism is responsible for generating both components or that both components are generated from each other. Wright et al. (2011) suggested that the difference in R X behaviour in the saturated and unsaturated regimes can be attributed to different dynamo mechanisms operating in each of the regimes rather than any actual saturation effect. They argued this on the basis that the age at which stars transition from the rotational C sequence to the I sequence (Barnes 2003 ) is coincident with the transition from saturated to unsaturated regimes at R o ∼ 0.1 (see their Fig. 4) . It is interesting to note that the majority of the stars in the saturated regime in Fig. 3 have M < 0.5 M (pentagon symbols). Assuming that the unsaturated stars are those more massive than 0.5 M , we find fits of B If there is a physical basis for the saturated stars having masses less than 0.5 M , the fact that they appear to have a different power index, a, to the rest of the stars, in Fig. 2 , is further evidence for the suggestion of Wright et al. (2011) . However, care must be taken with this interpretation. Fig. 1 shows that the majority of stars in our sample that are less than 0.5 M also have Rossby numbers less than 0.1. Therefore, our interpretation is not that stars in the saturated regime must be less massive than 0.5 M . Rather, it is that stars in the saturated regime are those with Rossby numbers less than ∼0.1 which also happen to be stars less massive then 0.5 M in our sample. Noticeably, with the exception of AB Dor (R o = 0.028, M = 1.0M ), there is a dearth of stars with Rossby numbers less than ∼0.1 and masses bigger than 0.5 M in our sample. That the lowest mass stars in our sample are also the fastest rotators is not surprising since these stars spin down less rapidly than higher mass stars (Mohanty & Basri 2003) . Correspondingly R o 0.1, M > 0.5 M stars are harder to find and map. Indeed a number of authors have previously commented on the difficulty in separating stellar mass and Rossby number effects due to this bias (Donati et al. 2008a; Morin et al. 2008b Morin et al. , 2010 Reiners & Basri 2009; Gastine et al. 2013) . Even when we consider AB Dor (plotted with triangles in Figs. 2 and 3) , which does fall into the R o 0.1, M > 0.5 M region of parameter space, the picture does not become any clearer. In the top panel of Fig. 2 , AB Dor lies relatively close to both sub-samples such that it is difficult to tell which subsample it would be more appropriate for it to be in. Likewise, in Fig. 3 , AB Dor falls in an intermediate region. On one hand, one might consider it a saturated star on the basis of its Rossby number which is smaller than R o ∼ 0.1, the value typically used to delineate the saturated and unsaturated regimes. However, one might also consider it to be an unsaturated star on the basis that it follows the same trend as the other unsaturated stars, lying at the tail end of that sequence. If the hypothesis of Wright et al. (2011) is correct, one might expect the magnetic fields of the stars in this region of parameter space to obey the power law with the smaller index from Fig. 2 .
A potential problem with this interpretation is that our two sub-samples were initially chosen on the basis of stellar mass, since this parameter better discriminates between the two power laws in Fig. 2 , rather than Rossby number. It may be the case that the two power laws in Fig. 2 do not correspond to the saturated and unsaturated regimes. Indeed, until more stars in the R o < 0.1, M > 0.5 M region of parameter space (corresponding to stars of rotation periods of less than a few days -see Fig. 1 ) have their Table 2. surface fields mapped, it will be difficult to conclusively confirm or reject this hypothesis.
Recently, Reiners, Schüssler & Passegger (2014) reinterpreted the data of Wright et al. (2011) . These authors show that, in the unsaturated regime, R X = L X /L bol shows less scatter when plotted against R −4 * P −2 rot , where R * and P rot are the stellar radius and rotation period respectively, rather than Rossby number, as is traditional in these types of studies. This formulation is approximately equivalent to L X ∝ P −2 rot , i.e. that X-ray luminosity depends only on the stellar rotation period, in the unsaturated regime. The authors make no claims as to whether R X as a function of R o or L X as a function of P rot is the more physically fundamental relationship. When plotting B 2 pol and B 2 tor against R −4 * P −2 rot (not shown), we once again find that the data separates into saturated and unsaturated regimes. Similarly to Fig. 3 , the stars in the saturated regime are those that are less massive than 0.5 M . The suggestion that different dynamo mechanisms are present in the saturated and unsaturated regimes is therefore possible under either interpretation of the rotation-activity relation.
Band latitudes
In this section we determine the latitude and extent of azimuthal bands of toroidal field in our sample of stars. Firstly, by examining the magnetic maps, we eliminate those stars that show no evidence of strong bands by determining the fraction of latitudes with only a single polarity in the toroidal component of the azimuthal field. From a visual inspection, stars in which this fraction is less than 0.2 do not have clear bands and we do not attempt to find a band latitude for these stars. For the remaining 67 maps, we average the field strengths over every longitude to obtain an average field strength as a function of latitude and then take the absolute value, i.e. | B tor,φ |(λ) where λ is the latitude. We plot the latitude at which this function is maximal in Fig. 4 as a function of rotation period for each star. Stars with maps over multiple epochs are indicated by grey lines. An indication of the band width is given by the full-width half-maximum of the peak in | B tor,φ |(λ). The size of each data point is scaled by the full-width half maximum. All points are colour coded by stellar mass. Numerical values for this plot are included in Table 2 . It is worth highlighting that multiple azimuthal bands of opposing polarity were seen in the rapid rotators HR 1099 and AB Dor (Donati, Collier Cameron & Petit 2003) . Several authors have noted that magnetic flux tends to emerge at higher latitudes on stars with shorter rotation periods as a result of a larger Coriolis force dominating over the magnetic buoyancy of the flux tubes (Schuessler & Solanki 1992; Schuessler et al. 1996; Granzer 2002) . Our results are in qualitative agreement of this statement, with the upper envelope of band latitudes in Fig. 4 showing a decreasing trend at longer rotation periods. However, the interplay between Coriolis and buoyancy forces alone cannot explain the large range of band latitudes seen at a given rotation period. This is especially true of stars with multiple maps that show the band latitude changing significantly over the course of months/years. In some cases, the azimuthal bands even disappear and reappear between observation epochs.
Field orientation
From a visual inspection of the magnetic maps, toroidal azimuthal bands appear predominantly axisymmetrically (e.g. Jardine et al. 2013 ). Figure 5 shows the fraction of magnetic energy in axisymmetric modes against the fraction contained in the toroidal component of the field. Mathematically, these correspond to the energy in the m = 0 modes 1 and the γ ,m coefficients respectively. Stars with multiple epochs of observations are connected by grey lines and each point is colour coded by stellar mass. The most striking feature is the dearth of toroidal non-axisymmetric stars, in the lower right corner of the plot. Additionally, there is no trend evident with stellar mass.
The striking trend in Fig. 5 warrants a check for potential biases in the ZDI technique. Crosstalk between the field components, especially the radial and meridional fields is well known and has been characterised (Donati & Brown 1997) 2 . In particular, we are interested in energy from the toroidal field leaking into the poloidal field. To this end, we conducted a systematic series of tests. Specifically, we created a grid of synthetic Stokes profiles corresponding to magnetic field geometries where the axisymmetric and toroidal Figure 5 . Percentage of total magnetic energy contained in the axisymmetric component of the field against percentage of total magnetic energy contained in toroidal field. Stars observed at multiple epochs are connected by grey lines. The data points are colour coded by stellar mass and scale with the total magnetic energy density, B 2 (see inset). Rosén, Kochukhov & Wade (2015) reconstructed the surface field of II Peg using Stokes IV (circularly polarised light) and also Stokes IQUV (circularly and linearly polarised light). These data points are shown by black diamond and square markers respectively. energy fractions ranged from zero to one. Magnetic maps were then reconstructed from these profiles and compared to the original maps that the synthetic profiles were created from. Full details of these tests can be found in Folsom et al. (in prep b) . We find that there is some energy leakage from toroidal into poloidal fields (and vice versa) . This effect is largest for geometries where the order, , is equal to the degree, m and smallest when there is a large difference between and m. However, the effect is not large enough to explain the dearth of points in the lower right hand corner of Fig. 5 .
The magnetic maps used in this study were all reconstructed using the Stokes I (unpolarised) and Stokes V (circularly polarised) profiles with one exception. Rosén, Kochukhov & Wade (2015) observed the star II Peg, during two epochs, in all four Stokes parameters (IQUV; unpolarised, linearly polarised and circularly polarised). They subsequently reconstructed magnetic maps using the more commonly used two Stokes profiles (IV) and again using all four. II Peg is plotted on Fig. 5 with black squares and diamonds indicating results obtained using Stokes IQUV and Stokes IV respectively. Rosén, Kochukhov & Wade (2015) found that the toroidal and axisymmetric energy fractions are similar for both reconstructions though the maps constructed with Stokes IQUV contained significantly more energy than the maps constructed from Stokes IV. The latter effect is unsurprising since one should expect more information to be reconstructed, and hence more fields, when using more data. The data points of Rosén, Kochukhov & Wade (2015) fall within the trend shown by the rest of the sample. II Peg follows this trend even though it is evolving off the main sequence whereas the rest of the sample are less evolved.
Further insights may be gained by splitting the axisymmetric energy into its poloidal and toroidal components. The top panel of Fig. 6 shows the fraction of poloidal energy that is axisymmetric, i.e. E(α ,m=0 , β ,m=0 )/E(α ,m , β ,m ), against the toroidal energy fraction. The bottom panel of Fig. 6 is similar but plots the fraction of toroidal energy that is axisymmetric, i.e. E(γ ,m=0 )/E(γ ,m ). The formatting is the same as that of Fig. 5 . As before, the data points of Rosén, Kochukhov & Wade (2015) for II Peg are in agreement with the rest of the sample. It is clear that the poloidal and toroidal fields behave differently. While the axisymmetric poloidal energy does not show a clear trend, a clear one is present for the axisymmetric toroidal energy. The data show that toroidal fields are generated in a preferentially axisymmetric manner. This suggests that the toroidal field generation mechanism is sensitive to the rotation axis in a way that the poloidal field is not. Noticeably, there is a cluster of M dwarfs which have dipole dominated fields in the top left hand corner of the plot (these are also present in the top left of Fig. 5) . Gastine et al. (2013) proposed that the strong dipolar component of these stars inhibits differential rotation and hence the generation of strong toroidal fields through the Omega effect.
We can also consider how the poloidal and toroidal fields are oriented with respect to each other. Figure 7 plots the fraction of poloidal energy that is axisymmetric against the fraction of toroidal energy that is axisymmetric, i.e. the ordinates of both panels in Fig.  6 . The data points fill the entire available parameter space for this plot indicating that the poloidal and toroidal field orientations are not constrained by each other. Alternatively, their orientations may be related to each other but in a complex and non trivial way. It is particularly interesting that while the orientations of the poloidal and toroidal fields are uncorrelated, there is a relatively tight dependence of the toroidal energy density on the poloidal energy density (see Fig. 2 ). 
CONCLUSION
Over the last decade, large strides have been made in characterising the strength, geometry and time evolution of cool star magnetic fields. Many stars display strong toroidal azimuthal bands, though currently there is no definitive explanation for their formation. In this paper, we explore the strength and geometry of toroidal magnetic fields by analysing 55 stars that have had their surface magnetic fields mapped with ZDI. This is the first time toroidal fields have been studied in a large sample of stars. The results presented show clear constraints for future dynamo models and can be summarised as follows.
Our sample shows that strong toroidal fields are strongly axisymmetric. Conversely, the orientation of poloidal fields are unconstrained with respect to the rotation axis. There is also evidence that the underlying dynamo type affects the relative strength of the poloidal and toroidal fields. We find that stars less massive than 0.5 M tend to have small toroidal energy fractions while more massive stars can have substantially higher toroidal energy fractions. Additionally, the toroidal field energies of the M > 0.5 M stars have a steeper power law dependence on the poloidal field energy than those of the M < 0.5 M stars. These results are in line with the results of Donati et al. (2008a) ; Morin et al. (2008b Morin et al. ( , 2010 ; Gregory et al. (2012) who noted changes in magnetic properties at 0.5 M , roughly coinciding with the fully convective limit. This suggests some link between the break in magnetic properties with the change in internal structure. These authors also note a strong break in the amount of differential rotation at 0.5 M . It is perhaps telling that the stars with the strongest toroidal fields are those that display differential rotation at their surface. On the other hand, the lowest mass stars, which do not have large toroidal energy fractions (see Fig. 2 ), display little to no differential rotation. This may be a hint that an Omega effect, in the form of differential rotation, is responsible for generating axisymmetric toroidal fields. It would be interesting to compare these observational results to the theoretical dynamo simulations of Brown et al. (2010) and see if their axisymmetry and poloidal/toroidal energy fractions follow the same trends.
We find that the latitude of the azimuthal bands depends, in part, on the stellar rotation period. On fast rotators, buoyant flux tubes feel a strong Coriolis force and are deflected polewards allowing flux emergence to occur at higher latitudes. Additionally, we find bands at low to mid latitudes for all rotation periods. Therefore, rotation period cannot be the only parameter determining the latitude of flux emergence. However, at present, it is unclear what further parameters may be important.
Additionally, we find that the poloidal and toroidal energies both follow the same qualitative behaviour with Rossby number. Both show saturation at low Rossby number with magnetic energies decreasing at higher Rossby number. This is also the qualitative behaviour that X-ray luminosity normalised to bolometric luminosity shows as a function of Rossby number, baring some quantitative differences such as the slope in the unsaturated regime. That the two field components behave similarly indicates that they share a common generation mechanism or that they are generated from each other. There is evidence that, in our sample, the M < 0.5 M stars correspond to stars in the saturated regime giving credence to the claim of Wright et al. (2011) that stars in the saturated and unsaturated regimes posses different dynamo mechanisms. However, it remains to be seen whether this is an effect of the bias in our sample. Future spectropolarimetric observations of cool stars with R o 0.1, M > 0.5 M will help confirm or disprove this hypothesis.
